Abstract Recently developed methods allowing to find the solutions of the Bethe-Salpeter equations in Minkowski space, both for the bound and scattering states, are reviewed. For the bound states, one obtains the bound state mass and the corresponding BS amplitude. For the scattering states, the phase shifts (complex above the meson creation threshold) and the half-off-shell BS amplitude are found. Using these solutions, the elastic and transition electromagnetic form factors are calculated.
Introduction
Bethe-Salpeter (BS) approach [1] is a powerful tool in the theory of relativistic few-body systems. During the last few years there has been a renaissance of this approach in its original Minkowski space formulation. It is caused by the progress in finding new methods which allow to overcome the difficulties resulting from the singularities of the BS equation and to obtain the off-mass shell solution in the Minkowski space both for the bound and scattering states. The on-shell solution for the scattering states, found few decades ago [2; 3] , allows to compute the nucleon-nucleon (NN) scattering phase shifts. The off-shell solution for the bound [4; 5] and scattering states [6; 7; 8; 9] is much more recent and allows to properly calculate the electromagnetic elastic from factor [10; 11] as well as the transition one [12] describing the electro-disintegration of a bound system (e.g. the deuteron).
For that purpose one needs the Minkowski space solution since the Euclidean one cannot be used: the Wick rotation can be done in the BS equation itself, but not in the integral expression giving the form factors [11] . In this integral, the rotated contour crosses singularities which prevent from the Wick rotation. As demonstrated explicitly in [11] (sect. 6) in a simplest example when the BS vertices are constant, still one singularity is on the way of rotating contour. In a more realistic case, when interaction is determined by the one-boson exchange kernel, the BS amplitude takes implicitly into account all the numbers of intermediate bosons (the thresholds with the virtual 1, 2, n, . . . bosons) that results in infinite number of singularities.
Analogously to finding the nonrelativistic NN potential starting with the phase shifts, one can also fit, in a self-consistent relativistic version, the BS kernel and then use it in further calculations. This full BS program has been achieved for a NN system interacting via separable kernel [13] since in this case, the singular integrals -both in the equation and in the form factors -are performed analytically. However it is not yet fully realized for a field-theoretically inspired description.
For the one-boson exchange or more complicated kernel the analytical treatment of singularities is also possible when the bound state BS solution is found in the form of the Nakanishi integral representation [14; 15] . In this case one can express the form factor [10] through the non-singular Nakanishi weight function. For the scattering states the development of this method (based on the Nakanishi representation [14; 15] ) is in progress [16] but the numerical calculations are not yet presented. On the other hand, we have recently developed another approach [6; 7; 8; 9] based on the direct treatment of the singularities (without using the Nakanishi representation) which also allows to find both the bound and scattering state solutions and calculate e.m. form factors.
The methods based on the Nakanishi representation and the corresponding results, both for spineless particles and fermions, are described in detail in the recent review paper [11] . Therefore we will only sketch them here in sect. 2. Whereas, the solutions found using the direct treatment of the singularities, mainly for the scattering states, will be described in more detail in sect 3. With these solutions, the transition form factor is calculated in sect. 4. The concluding remarks are given in sect. 5.
Method based on the Nakanishi representation
For a bound state of total momentum p and in case of equal mass spinless particles with zero angular momentum, the BS equation for the BS amplitude Φ is shown graphically in figure 1. It reads
where iK is the interaction kernel, m is the mass of the constituents and p = p 1 +p 2 , k = (p 1 −p 2 )/2 are their total and relative four-momenta (p 1,2 are the constituent momenta). Note that Φ(k, p) includes, by definition, the external propagators. We will denote by M = p 2 the total mass of the bound state. Being scalar, the BS amplitude Φ(k, p) depends on the scalar products k 2 and p·k: Φ(k, p) = Φ(k 2 , p·k). In the c.m.-frame p = 0 we get p·k = M k 0 . Since k 2 = k 2 0 − k 2 , the BS amplitude in this frame (for S-wave) depends on two variables |k|, k 0 : Φ = Φ(|k|, k 0 ).
Then one can make the Wick rotation [17] , i.e. to replace the integration over −∞ < k 0 < ∞ in the integration volume
It is equivalent to the replacemeant of variable k 0 = ik 4 where k 4 is real and varies in the limits −∞ < k 4 < ∞. In this way we obtain the non-singular Euclidean BS equation:
where
. Indeed, the factor in the square brackets in the l.h.-side of (2) never crosses zero. Take, for example, the Minkowski one-boson exchange kernel
where α = g 2 /(16πm 2 ) is the dimensionless coupling constant of the Yukawa potential V (r) = −α exp(−µr)/r. It is singular (if iǫ = 0, the denominator crosses zero in the integration domain). After Wick rotation it turns into the non-singular Euclidean kernel (the denominator is always positive and never crossed zero). The numerical resolution of eq. (2) is a trivial task. It gives exactly the same mass M as defined by the Minkowski BS equation (1), but the amplitude Φ E (k, k 4 ) differs from one entering the equation (1) .
In refs. [19; 20; 4; 5; 21] the Minkowski BS amplitude was found in the form of the Nakanishi integral representation [14; 15] :
In this representation the dependence on the two scalar arguments k 2 and p·k of the BS amplitude is made explicit by the integrand denominator and the Nakanishi weight function g(γ, z) is non-singular.
By inserting the amplitude (5) into the BS equation one finds an integral equation, still containing singularities, however for non-singular g. To eliminate these singularities from equation, we apply to both sides of equation an integral transform -light-front projection [4] . It consists in the replacing k → k + ω ω·p β where ω is a light-cone four-vector ω 2 = 0, and integrating over β in infinite limits. We obtain in this way, a non-singular equation for the non-singular g(γ, z):
The kernel V (γ, z; γ ′ , z ′ ) here is expressed through an integral [4] from the kernel K(k, k ′ , p) entering in the initial BS equation (1) . The total mass M of the system (to be found) appears on both sides of equation (6) . After solving eq. (6) and substituting the solution in eq. (5), one finds the BS amplitude in Minkowski space which can be used to calculate the e.m. form factor.
The equation (6) was solved for the ladder kernel in [4] and for the ladder + cross-ladder kernel in [5] . The bound state mass M coincides with the one found from the BS equation in the Euclidean space. After substituting the Minkowski space solution, found in the form (5), in the expression for the e.m. form factor (shown graphically in figure 2 ):
and using the Feynman parametrization, the 4D integral over four-momentum k is calculated analytically and the form factor is expressed through the non-singular integral containing g quadratically [10] . The same approach was applied in [18] for solving the BS equation for the two-fermion system interacting by the scalar, pseudo scalar and massless vector exchanges (one-boson exchange kernel). It turned out that, in contrast to the spineless case, the light-front projection does not eliminate completely the singularities of the kernel in the equation for the Nakanishi function. These singularities 4 are integrable numerically. They do not prevent from finding numerical solution, but they reduce its precision. This difficulty can be avoided by a proper regularization of the BS equation [18] . After taking the light-front projection, we get system of equations similar to (6) for the set of the Nakanishi functions g i (γ, z), corresponding to the spin components of the two-fermion system. The bound state masses again coincide with ones found from the Euclidean BS equation [22] . The approach based on the Nakanishi representation was used in [21] , under some simplifying ansatz, to solve the BS equation for a quark-antiquark system. The inhomogeneous scattering state BS equation is graphically represented in figure 3 . In Minkowski space it reads:
Scattering states
We denote by k the relative four-momentum -variable of the equation, k s the scattering (incident) relative momentum and p the total momentum of the state with p 2 = M 2 , the squared total invariant mass of the system. We will consider the spinless particles (m=1) interacting by the one-boson exchange kernel (3).
The half-off-shell scattering amplitude F (k, k s ; p) satisfying eq. (8), in contrast to the bound state BS amplitude from eq. (1), does not include in itself the propagators of external particles. It depends on the three four-momenta k, k s , p. For a given incident momentum k s and written in the center of mass frame p = 0, p 0 = M = 2ε ks = 2 m 2 + k 2 s , k 0s = 0, F depends on three variables |k|, k 0 and z = cos(k, k s ). It will be denoted by F (k 0 , k, z; k s ), setting abusively k = |k|, k s = |k s |. The module of incident momentum k s plays role of parameter (like the bound state mass M in the bound state equation (1)), whereas, in contrast to the bound state case, F depends also on the extra variablecosine z of the scattering angle.
The amplitude we consider here is a particular case of the so called full off-shell amplitude F 0 (k 0 , k, z; k 0s , k s ; M ). The latter, in addition to the variables k 0 , k depends also on the off-shell independent variables k 0s , k s , now with k 0s = 0 and k 0s = ε ks . The total mass M = √ s is neither equal to 2ε ks nor related to k 0s . By "off-shell amplitude" we will hereafter mean half-off-shell amplitude. The method we have developed is also applicable to the full off-shell amplitude, though dependence of the latter on two extra variables k 0s , k s requires much more extensive numerical calculations.
Depending on three variables, the scattering amplitude F is represented now through the threeparameter Nakanishi integral (comparer with eq. (58) from [16] ):
Note that the amplitude F (k, k s ; p) is not decomposed in the partial waves. The equation for the function g(z ′ , z ′′ , γ ′ ) was derived in [16] but not yet solved numerically.
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On the other hand, we have developed recently [6; 7; 8; 9] another method which allows to avoid the Nakanishi representation and find the BS amplitudes in Minkowski space both for the bound and scattering states.
We use the partial wave decomposition following its definition from [23] :
For illustration, we will consider the S-wave only, through there is no any problem to take arbitrary partial wave l. In the given normalization, the on-shell amplitude
Several steps must be accomplished before obtaining a solvable equation for F 0 which takes into account the singularities of the BS equation. The main one is the transformation of the initial BS equation (8) into the form in which the singularities of the constituent propagators are eliminated. The propagators in the r.h.-side of (8) have two poles, each of them represented as sum of principal value and δ-function. Their product gives rise to terms having respectively 0, 1 and 2 δ's. After partial wave decomposition, the 4D equation (8) is reduced into a 2D one. Integrating analytically over k ′ 0 the δ contributions and eliminating the principal values singularities by the standard subtractions (see eq. (14) below), we derive the following S-wave equation [9] :
where a ∓ = ε k ′ ∓ ε ks and W S 0 is the S-wave kernel -suitably symmetrized on k ′ 0 variable to restrict its integration domain to [0, ∞] -is given by
with:
and
The inhomogeneous (Born) term F B 0 reads:
The origin of the different terms appearing in (12) is the following. The non-integral term in the first line follows from the integrated (2D) product of the two δ-functions mentioned above. The onedimensional integrals -second and third lines -result from one δ-function terms, after integration over k ′ 0 . The last two lines come from the principal values (PV) alone. The differences appearing in the 6 squared brackets correspond to removing the pole singularities at 2ǫ k ′ = M (second line) and k ′ 0 = a ∓ (forth and fifth lines) according to the well known subtraction technique eliminating singularity:
In l.h.-side of (14) the integrand at x ′ = a is singular that complicates the numerical calculation of integral, whereas r.h.-side does not contain this singularity.
We also treat analytically the singularities of the kernel (3), which after the partial wave decomposition are the logarithmic ones (see eq. (13)), the singularities of the Born term and of the amplitude F 0 itself. We obtain in this way a non-singular equation which we solve by standard methods.
Our first check was to solve the bound state problem by dropping the inhomogeneous term in (8) and setting M = 2m − B. The binding energy B thus obtained, coincides within four-digit accuracy, with the one calculated, by other method, in our previous work [4] . Other, much more sophisticated tests [9] are also satisfied. We also reproduce, with a reasonable accuracy, the phase shifts found in [2] .
The BS relativistic formalism accounts naturally for the meson creation in the scattering process, when the available kinetic energy allows it. Below the first inelastic threshold, k (1) s = mµ + µ 2 /4, the phase shifts given by eq. (11) are real. This unitarity condition is not automatically fulfilled in our approach, but appears as a consequence of handling the correct solution F on 0 (k s ) and provides a stringent test of the numerical method. It is violated for any minor distortion of the equation (12) or of the solu-
s , the phase shift obtains an imaginary part which behaves numerically in the threshold vicinity like Im
2 , as expected. Higher inelasticity thresholds, corresponding to creation of 2, 3, etc. intermediate mesons, are also taken into account in our calculations.
The S-wave off-shell scattering amplitude F 0 (k 0 , k) in Minkowski space was thus safely computed and the phase shifts, presented below, are extracted according to (11) . Some details are given in [9] . Full details will be presented in a paper which is under preparation. The low energy parameters were computed and found to be consistent with a quadratic fit to the effective range function k cot δ(k) = − 1 a0 + 1 2 r 0 k 2 . The BS scattering length a 0 as a function of the coupling constant α is given in figure 4 for µ = 0.50. It is compared to the non-relativistic (NR) values provided by the Schrödinger equation with the Yukawa potential. The singularities correspond to appearance of the first bound state at α 0 = 1.02 for BS and α 0 = 0.840 for NR. As one can see, the differences between a relativistic and a non-relativistic treatments of the same problem are not of kinematical origin since even for processes involving zero energy they can be substantially large, especially in presence of bound state. • . One can see that the difference between relativistic and non-relativistic results is considerable even for relatively small incident momentum. The right panel shows the imaginary part of the phase shift. It appears starting from the first inelastic meson-production threshold k Finally, we display in figure 6 the real (left panel) and imaginary (right panel) parts of the off-shell scattering amplitude F 0 (k 0 , k) as a function of k 0 and k calculated for α = 0.5, k s = µ = 0.5. It shows a non trivial structure with a ridge and a gap in the real part and a plato in the imaginary part resulting from the singularities of the inhomogeneous term. Its on-shell value F on 0 = F 0 (k 0 = 0, k = k s = 0.5) = 0.753 + i0.292, determining the phase shift δ = 21.2
• , corresponds to a single point on theses two surfaces accessible by the previous methods [2; 3] . Our calculation, shown in figure 6 , provides the full amplitude F 0 (k 0 , k) in a two-dimensional domain.
Computing this quantity, and related on-shell observables, was the main result of the works [6; 7; 8; 9] . Together with the bound state solution in Minkowski space [4; 5] , they pave the way for a consistent relativistic description of composite systems in the framework of BS equation. As soon as we know the Minkowski BS amplitude for the bound state, we can calculate, by eq. (7), the elastic e.m. form factor. Knowing both amplitudes: for bound and scattering states, we can calculate the transition form factor corresponding to electrodisintegration of the bound system. This calculation [12] will be briefly explained below.
We start with the expression for the transition current, represented graphically in figure 7 (the plane wave contribution is not considered):
Here Γ i is the initial (bound state) vertex function, defined by (8) without inhomogeneous term, Γ f = 16πF 0 in the final one (the factor 16π is due to eq. (10)), and F 0 is the half-off-shell S-wave scattering BS amplitude presented in the previous section. Both Γ i and Γ f do not include the external propagators in contrast to the BS amplitude Φ defined in (1) and used to calculate the elastic form factor (7) . Note that in the approximation given by figure 7, restricted to the one-body electromagnetic current for the interaction of photons with constituents, the currentJ µ is not conserved, that is (p ′ −p) µJµ = 0. It can be decomposed as:J
In this situation, one can chose one of the two following strategies: (i) find both F and F ′ and use the current (16) , in spite of its non-conservation, to calculate the electro-disintegration cross section; (ii) start with (16) and construct the conserved current
which satisfies to q·J = 0 (q = p
. Due to the constraint q·J = 0, the current J µ is determined only by the form factor F (Q 2 ), and this is the quantity that will be calculated below. The form factor F ′ (Q 2 ), if necessary, can be found analogously. It is convenient to carry out the calculations in the system of reference where p ′ 0 = p 0 (i.e. q 0 = 0) and p and p ′ are collinear (i.e., they are either parallel or anti-parallel to each other, depending on the Q 2 value). In the elastic case, this system coincides with the Breit frame p + p ′ = 0, where |p| = |p ′ | and p ′ 0 = p 0 . In the inelastic case M f = M i , if p ′ 0 = p 0 , the three-momenta are different |p| = |p ′ |. Using this reference frame, the form factor F (Q 2 ) can be found by taking the zero component of the current:
. That is:
9 where E k = √ m 2 + k 2 is the on-shell energy (and similarly for other energies). This 4D integral is in practice a 3D one, since the azimuthal integration gives simply a factor 2π. To calculate it numerically, we treat the singularities in a similar way to what was done for solving the scattering states BS equation (8) . Namely, we represent each of three propagators as the sum of the principal value integrals and the δ-function contributions, that is, symbolically:
The non-zero contributions result from the terms containing two, one and zero δ-functions. Performing explicit integrations of the δ-functions, we get, correspondingly, the sum of 1D, 2D and 3D PV integrals. Like in the transformation of the BS equation from the form (8) to (12), we use the subtraction technique. In this way we can properly treat the singularities in the integral (18) and calculate the transition form factor. Calculating it, we successfully carried out a few tests described in [12] . Fig . 9 The same as in figure 8 for ks = 0.5.
The numerical results are obtained with the bound and scattering state BS amplitudes found in the one-boson exchange model with the constituent mass m = 1, exchange boson mass µ = 0.5 and the coupling constant α = 1.437, providing a bound state with the mass M i = 1.99. The initial bound state BS vertex function Γ i and the final scattering state amplitude F 0 (k 0 , k) in Γ f = 16πF 0 have been calculated by the method developed in [6; 7; 8; 9] and described in the previous section. Using these solutions, the transition form factor F (Q 2 ) was calculated by the method presented above. Its real and imaginary parts (up to a normalization factor) vs. Q 2 for the parameters M i = 1.99 and M f = 2.01 (k s = 0.1) are shown in figure 8. For these kinematical parameters the transition form factor is almost real (like the elastic form factor) since the final mass is very close to the initial one.
For k s = 0.5 (M f = 2 k 2 s + m 2 = 2.236) and for the same values of other parameters the transition form factor is shown in figure 9 . Now, for considerably larger inelasticity (i.e., for larger effective final state mass M f ), the imaginary part of form factor is comparable with its real part. In our calculations, we have no restrictions for the values of momentum transfer Q 2 and the final state mass M f .
Conclusions
The BS equation in the Minkowski space contains (integrable) singularities and therefore its solving requires a special treatment. We have described two methods of finding solution of the BS equation in Minkowski space. One of them (sect. 2) is based on the Nakanishi representation (5) of the BS amplitude. Other one (sect. 3) allows to find the Minkowski solution directly.
Both methods are applied to the bound and scattering states. For the bound states they give the same results. For the scattering states the finding numerical solution by the first method [16] is in progress. By the second method this solution is found [6; 7; 8; 9] : the off-shell amplitude, the scattering
